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❑ 𝑆𝑚×𝑛 Non-Square!!

❑ 𝜎𝑖 = 𝜆𝑖 𝜆𝑖 ∈ 𝜎 𝑆𝑇𝑆 , 𝑖 = 1,… , 𝑛

❑ 𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑚−1 ≥ 𝜎𝑚

𝑆 =
4 11 14
8 7 −2

𝑆𝑇𝑆 =
80 100 40
100 170 140
40 140 200

⇒ 𝜆 𝑆𝑇𝑆 = 360, 90, 0

⇒ ൞

𝜎1 = 360 = 6 10

𝜎2 = 90 = 3 10
𝜎3 = 0

Example

Singular Value Definition
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Eigenvector of a Symmetric Matrix

CE282: Linear Algebra Hamid R. Rabiee & Maryam Ramezani

Proof:

Theorem

Orthogonality of Eigenvectors of a Symmetric Matrix Corresponding to 
Distinct Eigenvalues. If 𝐴 is symmetric, then any two eigenvectors from 
different eigenspace are orthogonal.

ቑ

𝐴𝑣1 = 𝜆1𝑣1
𝐴𝑣2 = 𝜆2𝑣2
𝜆1 ≠ 𝜆2

⇒ 𝑣1
𝑇𝑣2 = 0
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Proof?

Theorem

𝑣1, … , 𝑣𝑛 are orthonormal eigenvectors of matrix 𝑆𝑇𝑆 then singular values of matrix 𝑆 are 
norm of 𝑆𝑣𝑖 vectors:

𝑆𝑣𝑖 = 𝜎𝑖

Singular Value Correlation to Norm
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Example

𝑆 =
4 11 14
8 7 −2

→ 𝑆𝑇𝑆 =
80 100 40
100 170 140
40 140 200

→ 𝜎1 = 360, 𝜎2 = 90, 𝜎3 = 0

𝑣1 =

1/3
2/3
2/3

, 𝑣2 =

−2/3
−1/3
2/3

, 𝑣3 =

2/3
−2/3
1/3

𝑆𝑣1 =
18
6

⇒ 𝑆𝑣1 = 182 + 62 = 𝜎1

𝑆𝑣2 =
3
−9

⇒ 𝑆𝑣2 = 32 + (−9)2= 𝜎2

𝑆𝑣3 =
0
0

⇒ 𝑆𝑣3 = 0 = 𝜎3

Singular Value
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Theorem

𝑣1, … , 𝑣𝑛 are orthonormal eigenvectors of matrix 𝑆𝑇𝑆 and 𝑆 has 𝑟 non-zero singular value:
𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑟 > 0, 𝜎𝑟+1 = ⋯ = 𝜎𝑛 = 0

{𝑺𝒗𝟏, … , 𝑺𝒗𝒓} is an orthogonal basis for range of 𝑺

𝑟𝑎𝑛𝑘(𝑆)=𝑟

Rank of Matrix = Number of nonzero singular values

How to find {𝒖𝟏, … , 𝒖𝒓} is an orthonormal basis for range of 𝑺

Singular Vector
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How to find {𝑢1, … , 𝑢𝑟} as an orthonormal 
basis for range of 𝑆?

𝑺𝒗 = 𝝈𝒖

Singular Value & Singular Vector

Singular Vector

Singular Vector

Singular Value
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